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ABSTRACT 
The von Neumann trace inequality for singular values is reexamined by determin- 
ing the possible values for the diagonal elements contributing to the trace. The 
possible values for the eigenvalues contributing to the trace are also found. 
1. INTRODUCTION 
Let A and B be n X n complex matrices with singular values (Y, > ... 
2 LY, and pi > a** > p,, respectively. Denote the n X n unitary group by 
aJ,. The 1937 trace inequality of von Neumann [lo] asserts that 
where Re denotes real part, tr denotes trace, and V, W E U,. This inequality 
bounds from above the real part of the trace after group actions A + U, AV, , 
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B + U,SV, are applied to A and B, where Vi, V,, V,, V, E UJ,. (Just take 
V = V,U,, W = V, U,.) It has commanded attention in the almost sixty years 
since it was found, and various applications of it in pure and applied 
mathematics are known. These include applications of group induced order- 
ings to statistics [l] and applications to perturbation theory [7]. More refer- 
ences are in [4]. 
A more detailed study of the theorem seems justified. Thus we ask about 
the individual diagonal elements or the individual eigenvalues that sum to 
give the trace. Focusing more precisely, we wish to (i) determine the possible 
principal diagonals, or (ii) determine the possible n-tuples of eigenvalues, of 
UAVBW as U, V, W range over U,. 
We shall obtain complete solutions for both (i) and (ii). 
Our first theorem provides a complete specification of the diagonals, 
identifying them as the solution set of a system of inequalities. The proof will 
rely on the characterization of the principal diagonals of matrices with 
prescribed singular values found by Thompson [8] and slightly later by Sing 
[6], both about 1975. Singular values often participate in inequalities having 
added terms supplemented with one or more subtracted terms, and our 
characterization will have this property. 
Our second theorem identifies the possible n-tuples of eigenvalues as the 
solution set of another system of inequalities. The proof will rely on the 1954 
theorem of A. Horn [2] characterizing the eigenvalue tuples of a matrix with 
specified singular values. 
Our proofs will be short and simple, since the hard work underlying them 
is in [8] and [2]. 
2. THE PRINCIPAL DIAGONALS 
Our first theorem shows that the principal diagonals are determined by 
essentially linear inequalities. 
THEOREM 1. Fix n x n complex matrices A and B with prescribed 
singular values (Y~ and Pi as described in Section 1. L.et U, V, W range over 
RJ,. Then an achievable principal diagonal of UAVBW has as entries precisely 
those complex numbers d,, . . . , d, satisfying 
when numbered in order of decreasing absolute values. 
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Proof. We first show that the inequalities just listed must hold. Let the 
singular values of UAVBW be sr > *.a > s,. Then well-known inequalities 
[31 assert that sr a** sk < or PI ... ok &, k = 1,. . . , n, with equality when 
k = n. A standard convexity proof [3, 5] d e d uces from these inequalities that 
for k = l,..., n. Next, by [8], the diagonal elements d,, . . . , d, of VAVBW 
satisfy 
Id,1 + e-0 +ld,l < s1 + ... +sk, k=l,...,n, 
Id,1 + ... +Id,_,l - Id,,1 G s1 + 1.. +s,_~ - s,. 
(The Thompson-Sing theorem asserts that the inequalities just displayed are 
the necessary and sufficient conditions for the existence of a matrix with the 
di on the principal diagonal and the si as singular values.) Thus 
Id,1 + a.* +Id,l < a1 PI + ... + q. &, k = l,...,n. 
Now momentarily assume that s, # 0. Then sr, . . . , s, _ 1 are nonzero, so that 
Combining formulas, we have 
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We have now proved the inequalities claimed by the theorem, since if 
sll = 0 then cy, B, = 0 and the subtracted term inequality is a trivial conse- 
quence of the other inequalities. 
Now suppose that the claimed inequalities are satisfied. Then, by [8], 
there exists a matrix C with d,, . . . , d, as its diagonal elements and 
oi Pi, * - *, a, p, as its singular values. Thus there exist unitary matrices Vi 
and V, such that 
WV, = dag( a1 PI,. . . , a, P,) 
=dag(a,, . . . . ~,)diag(P,,...,P,) 
= (%AV,)(U,BVd, 
for suitable unitary matrices U, , V,, Us, Vs. Then C = UAVBW has diagonal 
4, . . . > 4, where U = UT U,, V = V, U,, and W = V,V,* are 
unitary. n 
The theorem remains valid when A and B are real and U, V, W are 
restricted to range over the real orthogonal group 0,. This is because the real 
version of the diagonal-element-singular-value relations is proved in [8]. 
The theorem shows that the set of vectors in the nonnegative cone of real 
n-space formed from the moduli of the diagonal elements of UAVBW (as U, 
V, W range over U,) is a convex polytope. It also shows that the set of 
vectors formed from the diagonal elements themselves is not convex. 
3. THE EIGENVALUES 
Our second theorem shows that the possible eigenvalues are determined 
by essentially multiplicative inequalities. 
THEOREM 2. Fix n x n complex matrices A and B with prescribed 
singular values q and pi as described in Section 1. Let U, V, W range over 
LJ,. Then an achievable n-tuple of eigenvalues of UAVBW has as entries 
precisely the complex numbers A,, . . . , A, satisfying 
when numbered in order of decreasing absolute values. 
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Proof. Horn’s theorem [2] is that a matrix C exists with prescribed 
eigenvalues A,, . . . , A, (numbered in order of decreasing mod&) and pre- 
scribed singular values si, . . , , s, (numbered in decreasing order) if and only 
if IA, .*a A,1 < s1 .a* sk fork = l,..., n with equality when k = n. Let the 
si be the singular values of UAVBW, as before. Then si .** sk < CY, Bi *.. 
ok &, with equality when k = n. By Horn’s theorem, the eigenvalues of 
UAVBW satisfy IA, *a* A,( < si ... sk, with equality when k = n. Combining 
inequalities, the conditions of the theorem are clearly necessary. As for 
sufficiency, if the inequalities in the theorem are satisfied, then by Horn’s 
theorem there is a matrix C with A,, . . . , A,, as its eigenvalues and 
oi PI,. *. > a, p, as its singular values. Now the proof is completed as in the 
previous theorem. n 
If A, B, U, V, and W are required to be real, the theorem is valid under 
the additional hypothesis that the nonreal terms in A,, . . . , A,, occur in 
complex conjugate pairs. This is because the real version of Horn’s theorem is 
valid under this extra hypothesis 191. 
4. COMMENTS 
(1) We have no information on simultaneously choosing the diagonal 
elements and the eigenvalues of UAVBW as U, V, W range over U,. 
(2) In the real case, the proper orthogonal version of our first theorem 
probably demands additional hypotheses, whereas that of the second is easily 
worked out. 
(3) Since eigenvalues may be placed on the principal diagonal (by a 
unitary similarity), if the Ai satisfy the condition of Theorem 2, they must also 
satisfy the condition of Theorem 1. The proof of Theorem 1 furnishes the key 
ideas to see this implication. 
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